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LARGE FREE SETS IN POWERS OF UNIVERSAL ALGEBRAS
TARAS BANAKH, ARTUR BARTOSZEWICZ, AND SZYMON G LA¸B
Abstract. We prove that for each universal algebra (A,A) of cardinality |A| ≥ 2 and an infinite set X
of cardinality |X| ≥ |A|, the X-th power (AX ,AX ) of the algebra (A,A) contains a free subset F ⊂ AX
of cardinality |F| = 2|X|. This generalizes the classical Fichtenholtz-Kantorovitch-Hausdorff result on the
existence of an independent family I ⊂ P(X) of cardinality |I| = |P(X)| in the Boolean algebra P(X) of
subsets of an infinite set X.
The classical Fichtenholz-Kantorovitch-Hausdorff Theorem [7], [10] (see also [12, 9.21] or [11, p.83]) says
that the power-set P(X) of any infinite set X contains an independent family I ⊂ P(X) of cardinality
|I| = |P(X)|. The independence of I means that for any disjoint finite subsets A,B ⊂ I the intersection
(
⋂
A∈AA) ∩ (
⋂
B∈BX \ B) is not empty. In this paper we shall use this Fichtenholz-Kantorovitch-Hausdorff
Theorem to prove the existence of free sets of large cardinality in powers of universal algebras.
First we recall the necessary definitions from the theory of universal algebras [6]. By an algebraic operation
on a set A we understand a function α : Anα → A defined on a finite power of the set A. The number
nα ∈ ω is called the arity of the algebraic operation α. Let (A,A) be a universal algebra, i.e., a set A endowed
with a family of algebraic operations A. A subset S ⊂ A is called a subalgebra of the algebra (A,A) if
α(Snα) ⊂ S for each algebraic operation α ∈ A. In this case S is a universal algebra endowed with the family
A|S = {α|Snα}α∈A of restricted algebraic operations. A function h : S → A is called a homomorphism if
it preserves algebraic operations in the sense that h(α(x1, . . . , xnα)) = α(h(x1), . . . , h(xnα)) for any algebraic
operation α ∈ A and points x1, . . . , xnα ∈ S.
Each subset B ⊂ A is contained in the smallest subalgebra B¯ ⊂ A called the subalgebra generated by B. We
shall say that the subalgebra B¯ is freely generated by B (or else that the subset B is free in A) if every function
f : B → A can be extended to a homomorphism f¯ : B¯ → A. Free sets in universal algebras were introduced
by E. Marczewski in [13], [14], [15] and later studied in [16], [17], [8], [2], [12, §9-10], [9], [1].
For a setX by (AX ,AX) we shall denote theX-th power of the universal algebra (A,A). This is the set AX of
all functions fromX to A endowed with the family AX = {αX}α∈A of algebraic operations α
X : (AX)nα → AX ,
α ∈ A, defined by
αX(f1, . . . , fnα)(x) = α(f1(x), . . . , fnα(x)) for (f1, . . . , fnα) ∈ (A
X)nα .
The main result of this paper is the following theorem. A special case of this theorem was proved in [5].
Theorem 1. For any universal algebra (A,A) of cardinality |A| ≥ 2 and any infinite set X of cardinality
|X | ≥ |A|, the universal algebra (AX ,AX) contains a free subset F ⊂ AX of cardinality |F| = 2|X|.
The proof of this theorem uses the Fichtenholz-Kantorovitch-Hausdorff Theorem, which in turn, can be
considered as a special case of Theorem 1.
Corollary 1 (Fichtenholtz-Kantorovitch-Hausdorff). For any infinite set X the Boolean algebra P(X) contains
an independent subset I ⊂ P(X) of cardinality |I| = |P(X)|.
Proof. Using characteristic functions, identify the Boolean algebra P(X) with the X-th power 2X of a two-
element Boolean algebra 2. By Theorem 1, the Boolean algebra P(X) contains a free subset I ⊂ P(X) of
cardinality |I| = |P(X)|. By Proposition 9.4 of [12], the family I is independent. 
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Remark 1. In light of the Fichtenholz-Kantorovitch-Hausdorff Theorem it is interesting to remark that in
certain models of ZFC the smallest cardinality i of a maximal independent subset in the Boolean algebra P(ω)
is strictly smaller than the cardinality of continuum 2ω, see [3, p.480], [18]. This fact witnesses that Theorem 1
cannot be proved by a maximality argument using Zorn’s Lemma.
1. Preliminaries
In this section we present some auxiliary results, necessary for the proof of Theorem 1. In particular, in
Lemma 3 we prove a convenient criterion for recognizing free sets in universal algebras. First we introduce
some definition.
A family A of operations on a set A is called
• unital if A contains the identity operation idA : A
1 → A, idA : (x1) 7→ x1;
• stable under substitutions (briefly, substitution-stable) if for any algebraic operation α ∈ A and a
function s : {1, . . . , nα} → {1, . . . ,m} the algebraic operation α◦A
s : Am → A, α◦As : (x1, . . . , xm) 7→
α(xs(1), . . . , xs(nα)), belongs to A;
• stable under compositions if for any algebraic operations β ∈ A and α1, . . . , αnβ ∈ A of the same arity
n = nαi , i ≤ nβ , the algebraic operation β(α1, . . . , αnβ ) : A
n → A, β(α1, . . . , αnβ ) : (x1, . . . , xn) 7→
β(α1(x1, . . . , xn), . . . , αnβ (x1, . . . , xn)) belongs to A;
• a clone if A is unital and stable under substitutions and compositions.
Let (A,A) be a universal algebra and A¯ be the smallest clone containing the operation family A. It is clear
that |A¯| ≤ max{|A|,ℵ0}. It is standard to prove (see [4, 2.2] for details) that for each subset B ⊂ A the
subalgebra B¯ generated by B coincides with the set A¯(B) =
⋃
α∈A¯ α(B
nα). This means that for each point
y ∈ B¯ we can find an algebraic operation α ∈ A¯ and points x1, . . . , xnα ∈ B such that y = α(x1, . . . , xnα). We
can additionally assume that the points x1, . . . , xnα are pairwise distinct:
Lemma 1. For each point y ∈ B¯ there are an algebraic operation α ∈ A¯ and pairwise distinct points
x1, . . . , xnα ∈ B such that y = α(x1, . . . , xnα).
Proof. Since y ∈ B¯ = A¯(B), there are an algebraic operation β ∈ A and points y1, . . . , ynβ ∈ B such that
y = β(y1, . . . , ynβ ). Let {y1, . . . , ynβ} = {x1, . . . , xn} where the points x1, . . . , xn are pairwise distinct. Let
s : {1, . . . , nβ} → {1, . . . , n} be the unique map such that yi = xs(i) for all 1 ≤ i ≤ nβ, and A
s : An → Anβ ,
As : (a1, . . . , an) 7→ (as(1), . . . , as(nβ)), be the corresponding substitution operator. Then for the algebraic
operation α = β ◦As ∈ A¯, we get y = β(x1, . . . , xnβ ) = β ◦A
s(x1, . . . , xn) = α(x1, . . . , xn). 
Now we shall elaborate some tools for recognizing free sets in universal algebras. Our first characterization
follows immediately from Lemma 1 and was noticed by Marczewski in [14].
Lemma 2. A subset B ⊂ A of a universal algebra (A,A) is free if and only if for any algebraic operations
α, β ∈ A¯ and sequences (x1, . . . , xnα) ∈ B
nα , (y1, . . . , ynβ ) ∈ B
nβ the equality α(x1, . . . , xnα) = β(y1, . . . , ynβ )
implies that α(f(x1), . . . , f(xnα)) = β(f(y1), . . . , f(ynβ )) for any function f : B → A.
This characterization can be improved as follows.
Lemma 3. A subset B ⊂ A of a universal algebra (A,A) is free if and only if for any distinct algebraic
operations α, β ∈ A¯ of the same arity n = nα = nβ the inequality α(x1, . . . , xn) 6= β(x1, . . . , xn) holds for any
pairwise distinct points x1, . . . , xn ∈ B.
Proof. To prove the “only if” part, assume that the set B is free. Fix two distinct algebraic operations α, β ∈ A¯
of the same arity n = nα = nβ . We need to show that α(x1, . . . , xn) 6= β(x1, . . . , xn) for any pairwise distinct
points x1, . . . , xn ∈ B.
Since α 6= β, there is a sequence (y1, . . . , yn) ∈ A
n such that α(y1, . . . , yn) 6= β(y1, . . . , yn). Since the points
x1, . . . , xn are pairwise distinct, we can choose a function f : B → A such that f(xi) = yi for all i ≤ n. Since
the set B is free, the function f extends to a homomorphism f¯ : B¯ → A. Then
f¯(α(x1, . . . , xn)) = α(f¯(x1), . . . , f¯(xn)) = α(y1, . . . , yn) 6= β(y1, . . . , yn) =
= β(f¯(x1), . . . , f¯(xn)) = f¯(β(x1, . . . , xn))
which implies that α(x1, . . . , xn) 6= β(x1, . . . , xn).
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To prove the “if” part, assume that the set B is not free. Applying Lemma 2, find algebraic operations
α, β ∈ A¯ and sequences (x1, . . . , xnα) ∈ B
nα , (y1, . . . , ynβ ) ∈ B
nβ such that α(x1, . . . , xnα) = β(y1, . . . , ynβ ) and
α(f(x1), . . . , f(xnα)) 6= β(f(y1), . . . , f(ynβ)) for some function f : B → A. For the set Z = {x1, . . . , xnα} ∪
{y1, . . . , ynβ} choose pairwise distinct points z1, . . . , zn ∈ Z ⊂ B such that {z1, . . . , zn} = Z. Let s :
{1, . . . , nα} → {1, . . . , n} and t : {1, . . . , nβ} → {1, . . . , n} be the unique functions such that xi = zs(i)
and yj = zt(j) for all i ∈ {1, . . . , nα} and j ∈ {1, . . . , nβ}. The functions s and t induce the substitution
operators As : An → Anβ , As : (a1, . . . , an) 7→ (as(1), . . . , as(nα)), and A
t : An → Anβ , At : (a1, . . . , an) 7→
(at(1), . . . , at(nβ)). Since the clone A¯ is substitution-stable, the algebraic operations α ◦ A
s, β ◦ At : An → A
belong to A¯ and have the same arity n. Moreover,
α ◦As(z1, . . . , zn) = α(zs(1), . . . , zs(nα)) = α(x1, . . . , xnα) =
= β(y1, . . . , ynβ ) = β(zt(1), . . . , zt(nβ)) = β ◦A
t(z1, . . . , zn).
It remains to check that the algebraic operations α ◦As and β ◦At are distinct. For this observe that
α ◦As(f(z1), . . . , f(zn)) = α(f(zs(1)), . . . , f(zs(nα))) =
= α(f(x1), . . . , f(xnα)) 6= β(f(y1), . . . , f(ynβ )) =
= β(f(zt(1)), . . . , f(zt(nβ))) = β ◦A
t(f(z1), . . . , f(zn)).

2. Proof of Theorem 1
Let (A,A) be a universal algebra of cardinality |A| ≥ 2 and X be an infinite set of cardinality |X | ≥ |A|. It
follows that the clone A¯ generated by the family A has cardinality |A¯| ≤ max{|A|,ℵ0} ≤ |X |.
For every n ∈ ω consider the family of triples
Tn = {(α, β, s) ∈ A¯ × A¯ ×X
n : α 6= β, nα = n = nβ}
and observe that it has cardinality |Tn| ≤ |A¯ × A¯ × X
n| ≤ |X |. Then the union T =
⋃
n∈ω Tn also has
cardinality |T | ≤ |X | and hence admits an enumeration T = {(αx, βx, sx) : x ∈ X} by points of the set X . For
every x ∈ X let nx = n(αx) = n(βx) be the arity of the algebraic operations αx and βx. Since αx 6= βx, we
can choose a point px = (px(1), . . . , px(nx)) ∈ A
nx such that αx(px) 6= βx(px).
The Fichtenholtz-Kantorovitch-Hausdorff Theorem 17.20 [11, p.83], yields an independent subfamily U ⊂
P(X) of cardinality |U| = 2|X|.
For each set U ∈ U and a point x ∈ X consider the sequence sx = (sx(1), . . . , sx(nx)) ∈ X
nx and the set
Ux = {i ∈ {1, . . . , nx} : sx(i) ∈ U}.
For each set U ∈ U choose a function fU : X → A such that {fU(x)} = px(Ux) for each point x ∈ X with
|Ux| = 1.
We claim that the set F = {fU}U∈U ⊂ A
X has cardinality |F| = 2|X| and is free in the algebra (AX ,AX).
Claim 1. The function f : U → F , f : U 7→ fU , is bijective and hence |F| = |U| = 2
|X|.
Proof. Given two distinct sets U, V ∈ U , we should prove that fU 6= fV . Since the family U is independent,
there are points s(1) ∈ U \ V and s(2) ∈ V \ U . The points s(1), s(2) form a sequence s = (s(1), s(2)) ∈ X2.
Since the clone A¯ contains the identity operation A1 7→ A, (x) 7→ x, and is substitution-stable, the operations
α : A2 → A, α(x, y) 7→ x and β : A2 → A, β : (x, y) 7→ y belong to the clone A¯. The triple (α, β, s) belongs to
the family T and hence (α, β, s) = (αx, βx, sx) for some x ∈ X . It follows that px(1) = α(px) 6= β(px) = px(2)
and the sets Ux = {i ∈ {1, 2} : sx(i) ∈ U} = {1} and Vx = {i ∈ {1, 2} : sx(2) ∈ V } = {2} are singletons. Then
fU (x) = px(1) 6= px(2) = fV (x), which means that fU 6= fV . 
Claim 2. The set F is free in the universal algebra (AX ,AX).
Proof. By Lemma 3, it suffices to prove that for any distinct algebraic operations α, β ∈ A¯ of the same arity
n = nα = nβ and pairwise distinct functions f1, . . . , fn ∈ F we get α
X(f1, . . . , fn) 6= β
X(f1, . . . , fn).
For every i ∈ {1, . . . , n} find a set Ui ∈ U such that fi = fUi . The independence of the family U guarantees
the existence of a sequence s = (s(1), . . . , s(n)) ∈ Xn such that s(i) ∈ Ui \ Uj for all j 6= i.
The triple (α, β, s) belongs to the family T and hence is equal to (αx, βx, sx) for some point x ∈ X . The
definition of the functions fUi and the choice of the sequence s guarantees that fi(x) = fUi(x) = px(i) for all x ∈
4 T. BANAKH, A. BARTOSZEWICZ, AND SZ. G LA¸B
X and i ∈ {1, . . . , n}. The choice of the sequence px = (px(1), . . . , px(n)) guarantees that α(px(1), . . . , px(n)) 6=
β(px(1), . . . , px(n)). Then
αX(f1, . . . , fn)(x) = α(f1(x), . . . , fn(x)) = α(px(1), . . . , px(n)) 6=
6= β(px(1), . . . , px(n)) = β(f1(x), . . . , fn(x)) = β
X(f1, . . . , fn)(x)
which means that αX(f1, . . . , fn) 6= β
X(f1, . . . , fn). 
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